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Abstract
The Hirzebuch-Riemann-Roch (HRR) and Lefschetz type formulas for
finite dimensional elementary algebras of finite global dimension are ex-
plicitly given. They have cohomological, homological, Hochschild cohomo-
logical and Hochschild homological four versions, and module, bimodule,
module complex and bimodule complex four levels. For this, the dimen-
sion matrix of a bimodule (complex) and the trace matrix of a bimod-
ule (complex) endomorphism are introduced. It is shown that Shklyarov
pairing, Chern character and Hattori-Stallings trace can be concretely
expressed by Cartan matrix, dimension vector and trace vector in this
situation. Furthermore, the HRR and Lefschetz type formulas for finite
dimensional elementary algebras of finite global dimension and dg algebras
are compared.
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1 Introduction
Throughout this paper, k is a fixed field, dim := dimk, ⊗ := ⊗k and (−)
∗ :=
Homk(−, k). All algebras are assumed to be associative k-algebras with identity.
Recently various Hirzebruch-Riemann-Roch (HRR) and Lefschetz type for-
mulas have been formulated in derived commutative or noncommutative alge-
braic geometry [2, 3, 4, 15, 16, 17, 18, 19, 21, 22]. The main ingredients in HRR
type formula (or Cardy condition [3]) and Lefschetz type formula (or general-
ized HRR type formula [21], baggy Cardy condition [3]) are Chern character (or
Euler character [22, 15], Chern class, Euler class), Hattori-Stallings trace (or
twisted Chern character [21], boundary-bulk map [19], Hochschild class [17]),
and Shklyarov pairing (or pairing [22, 17], Mukai pairing [3]). Usually it is
difficult to calculate explicitly these ingredients and provide concrete HRR and
Lefschetz type formulas, just as what mentioned in [22, 19, 18].
In this paper, we study the HRR and Lefschetz type formulas for finite
dimensional elementary algebras of finite global dimension. Recall that a finite
dimensional algebra A is elementary if the factor algebra A/radA of A modulo
its Jacobson radical radA is isomorphic to the direct product of finitely many
copies of k, or equivalently, A ∼= kQ/I where Q is a finite quiver and I is an
admissible ideal of the path algebra kQ (Ref. [1, Chapter III, Theorem 1.9]).
For a finite dimensional elementary algebra of finite global dimension, we can
work out all ingredients in the HRR and Lefschetz type formulas. Indeed, its
Hochschild homology is concentrated in degree zero and of k-dimension the rank
of its Grothendieck group (Proposition 1), the matrix of its Shklyarov pairing
under the canonical bases is the transpose of the Cartan matrix of the algebra
(Proposition 3), Chern characters can be concretely expressed by dimension
vectors and the Cartan matrix of the algebra (Proposition 4), and Hattori-
Stallings traces can be concretely expressed by trace vectors and the Cartan
matrix of the algebra (Proposition 6). Far beyond these, we will give explicitly
the HRR and Lefschetz type formulas for finite dimensional elementary algebras
of finite global dimension, which have cohomological, homological, Hochschild
cohomological and Hochschild homological four versions, and module, bimodule,
module complex and bimodule complex four levels (Theorem 1–4,6–9). All these
HRR (resp. Lefschetz) type formulas are essentially equivalent. Unlike those
in other literatures, our HRR type formulas are identities in matrix additive
groups over Z but not the base field k. The cohomological HRR type formula
on module level is just Ringel’s formula in [20, Lemma 2.4]. The Hochschild
cohomological HRR type formula on module level generalizes Happel’s formula
in [8, Theorem 2.2] from Hochschild cohomology to Hochschild cohomology with
coefficients. The Hochschild homological HRR type formula on module level
generalizes Zhang-Liu’s formula in [24, Theorem] from Hochschild homology to
Hochschild homology with coefficients. The HRR type formulas for dg algebras
were given by Shklyarov in [22, Theorem 1.2, Theorem 1.3 and Proposition
4.4]. They are identities in the base field k. In the case of chark = 0, for a
very important class of finite dimensional elementary algebras of finite global
dimension — triangular algebras (= directed algebras in [22] 6= directed algebras
in [20]), Shklyarov deduced Ringel’s formula from his formula [22, 5.1]. Recall
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that a finite dimensional elementary algebra is triangular if it is isomorphic to
a bound quiver algebra kQ/I where the quiver Q is acyclic. We will show that,
in the case of chark = 0, for all finite dimensional elementary algebras of finite
global dimension, Shklyarov’s formula in [22, Theorem 1.2 and Theorem 1.3]
is just the cohomological HRR type formula on complex level in Theorem 3
(1) which is equivalent to Ringel’s formula, and Shklyarov’s formula in [22,
Proposition 4.4] is just the homological HRR type formula on complex level in
Theorem 3 (2) (See §2.3). The Lefschetz type formulas for dg algebras were
given by Petit in [17, Proposition 5.5 and Theorem 5.6]. We will prove that, the
homological Lefschetz type formula on complex level in Theorem 8 (2) is just
Petit’s formula in [17, Theorem 5.6] restricted to finite dimensional elementary
algebras of finite global dimension, and the Hochschild homological Lefschetz
type formula on complex level in Theorem 8 (4) is just Petit’s formula in [17,
Proposition 5.5] restricted to finite dimensional elementary algebras of finite
global dimension (See §3.3).
The paper is organized as follows: In section 2, we will introduce the dimen-
sion matrix of a bimodule (complex). Then we will give various versions of HRR
type formulas on various levels for finite dimensional elementary algebras of fi-
nite global dimension. Moreover, we will provide the matrix of Shklyarov pairing
under canonical bases, and express Chern characters by dimension vectors and
the Cartan matrix of the algebra. Furthermore, we compare the HRR type for-
mulas for finite dimensional elementary algebras of finite global dimension with
the HRR type formulas for dg algebras, i.e., Shklyarov’s formulas. In section
3, we will introduce the trace matrix of a bimodule (complex) endomorphism.
Then we will give various versions of Lefschetz type formulas on various levels
for finite dimensional elementary algebras of finite global dimension. Moreover,
we will express Hattori-Stallings traces by trace vectors and the Cartan matrix
of the algebra. Furthermore, we compare the Lefschetz type formulas for finite
dimensional elementary algebras of finite global dimension with the Lefschetz
type formulas for dg algebras, i.e., Petit’s formulas.
We refer to [1] for representation theory of finite dimensional algebras, to
[10, 13] for dg algebras and dg categories, and to [23] for homological algebra. By
convention, a complex X is either a cochain complex (X l, dl) or a chain complex
(Xl, dl) but the homogeneous component X
l = X−l and the differential d
l = d−l
for all l ∈ Z. Moreover, we denote by Rn×m the set of all n×m matrices with
entries in a ring R.
2 HRR type formulas for finite dimensional al-
gebras
In this section, we will give the HRR type formulas for finite dimensional ele-
mentary algebras of finite global dimension and compare them with the HRR
type formulas for dg algebras.
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2.1 Dimension matrices
In order to formulate the HRR type formulas for finite dimensional elementary
algebras of finite global dimension, we introduce the dimension matrix of a
bimodule (complex) which generalizes both the Cartan matrix of an algebra
and the dimension vector of a module.
Cartan matrices of algebras. Let A be a finite dimensional elementary
algebra and {e1, · · · , en} a complete set of orthogonal primitive idempotents of
A. Then {e1A, · · · , enA} is a complete set of representatives of isomorphism
classes of indecomposable projective right A-modules. The Cartan matrix CA
of the algebra A is the integer-valued n × n matrix (cij) with entries cij :=
dimHomA(eiA, ejA) = dimejAei, 1 ≤ i, j ≤ n. If A is a finite dimensional
elementary algebra of finite global dimension then detCA = ±1, and thus CA
is invertible and its inverse matrix C−1A is also an integer-valued n× n matrix.
In this situation, the Ringel form of the algebra A is 〈−,−〉A : Z
n × Zn →
Z, (x, y) 7→ xTC−TA y, where the elements in Z
n are column vectors and T denotes
transpose. The Coxeter matrix of the algebra A is ΦA := −C
−T
A ·CA. All these
concepts play quite important roles in representation theory of finite dimensional
algebras [1, 20].
The following result gives the Cartan matrices of tensor product algebra,
opposite algebra and enveloping algebra, and generalizes [8, Lemma 2.1 (ii)].
Lemma 1. Let A and B be two finite dimensional elementary algebras, and
{e1, · · · , en} and {f1, · · · , fm} be complete sets of orthogonal primitive idempo-
tents of A and B respectively. Then the following three identities hold:
(1) CB⊗A = CB ⊗ CA.
(2) CAop = C
T
A , where A
op is the opposite algebra of A.
(3) CAe = C
T
A ⊗ CA, where A
e := Aop ⊗A is the enveloping algebra of A.
Proof. (1) With respect to the canonical complete set {f1⊗e1, · · · , f1⊗en, · · · ,
fm ⊗ e1, · · · , fm ⊗ en} of orthogonal primitive idempotents of B ⊗ A, we have
(CB⊗A)n(j−1)+i,n(j′−1)+i′ = dim(fj′ ⊗ ei′)(B ⊗ A)(fj ⊗ ei) = dim(fj′Bfj ⊗
ei′Aei) = dimfj′Bfj ·dimei′Aei = (CB)jj′ ·(CA)ii′ = (CB⊗CA)n(j−1)+i,n(j′−1)+i′
for all 1 ≤ j, j′ ≤ m and 1 ≤ i, i′ ≤ n. So CB⊗A = CB ⊗ CA.
(2) With respect to the canonical complete set {e1, · · · , en} of orthogonal
primitive idempotents of Aop, we have (CAop)ij = dimejA
opei = dimeiAej =
(CA)ji for all 1 ≤ i, j ≤ n. So CAop = C
T
A .
(3) follows immediately from (1) and (2).
Dimension vectors of modules revised. Let A be a finite dimensional ele-
mentary algebra and {e1, · · · , en} a complete set of orthogonal primitive idem-
potents of A. The dimension vector of a finite dimensional right A-module
M is the column vector dimM := [dimMe1, · · · , dimMen] ∈ Z
n. The dimen-
sion vector of a finite dimensional left A-module N is the row vector dimN :=
(dime1N, · · · , dimenN) ∈ Z
n. Any finite dimensional right A-moduleM can be
viewed as a left Aop-module naturally, but dimMA = (dim AopM)
T .
Remark 1. In representation theory of finite dimensional algebras, the dimen-
sion vectors of both left modules and right modules are row vectors. Here we
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change this convention so that they are compatible with the definition of di-
mension matrix of a bimodule below.
Dimension matrices of bimodules. Let A and B be finite dimensional
elementary algebras, and {e1, · · · , en} and {f1, · · · , fm} complete sets of or-
thogonal primitive idempotents of A and B respectively. The dimension matrix
or Cartan matrix of a finite dimensional B-A-bimodule M is the integer-valued
n × m matrix dimM = CM := (cij) where cij := dimHomA(eiA, fjM) =
dimfjMei for all 1 ≤ i ≤ n and 1 ≤ j ≤ m.
Remark 2. (1) The Cartan matrix CA of a finite dimensional elementary al-
gebra A is just the dimension matrix dimAAA or Cartan matrix CAAA of the
A-bimodule A.
(2) A finite dimensional right A-moduleM can be viewed as a k-A-bimodule
naturally, and dimMA = dim kMA. A finite dimensional left A-module N
can be viewed as an A-k-bimodule naturally, and dimAN = dim ANk. In
particular, for a finite dimensional k-vector spaceM , dimM = dim kMk. So the
dimension matrix of a finite dimensional bimodule generalizes the dimension of a
finite dimensional vector space and the dimension vector of a finite dimensional
module.
The following result distinguishes dimBMA, dimMBop⊗A and dimB⊗AopM ,
and generalizes [8, Lemma 2.1 (i)].
Lemma 2. Let A and B be finite dimensional elementary algebras, {e1, · · · , en}
and {f1, · · · , fm} complete sets of orthogonal primitive idempotents of A and B
respectively, and M a finite dimensional B-A-bimodule. Then
(1) dimMBop⊗A = [dimf1M, · · · , dimfmM ] where dimfjM is the j-th col-
umn of the dimension matrix dimM of the B-A-bimodule M for all 1 ≤ j ≤ m,
i.e., dimMBop⊗A is the column vectorization of dimM .
(2) dimB⊗AopM = (dimMBop⊗A)
T is the row vectorization of (dimM)T .
Proof. (1) With respect to the complete set {f1 ⊗ e1, · · · , f1 ⊗ en, · · · , fm ⊗ e1,
· · · , fm ⊗ en} of orthogonal primitive idempotent of B
op ⊗A, we have
dimMBop⊗A
= [dim M(f1 ⊗ e1), · · · , dim M(f1 ⊗ en), · · · , dim M(fm ⊗ e1), · · · , dim M(fm ⊗ en)]
= [dimf1Me1, · · · , dimf1Men, · · · , dimfmMe1, · · · , dimfmMen]
= [dimf1M, · · · , dimfmM ].
(2) follows from dimB⊗AopM = (dimMBop⊗A)
T and (1).
We know that the dimension of tensor product of two finite dimensional
vector spaces is equal to the product of their dimensions. More general, we
have the following result:
Lemma 3. Let A and B be finite dimensional elementary algebras, {e1, · · · , en}
and {f1, · · · , fm} complete sets of orthogonal primitive idempotents of A and B
respectively, M a finite dimensional right A-module, and N a finite dimensional
left B-module. Then dim(N ⊗M) = dimM · dimN .
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Proof. We have (dim(N ⊗M))ij = dim(fjN ⊗Mei) = dimMei · dimfjN =
(dimM)i · (dimN)j = (dimM · dimN)ij for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. So
dim(N ⊗M) = dimM · dimN .
We know that a finite dimensional vector space and its dual space have the
same dimension. More general, we have the following result:
Lemma 4. Let A and B be finite dimensional elementary algebras, {e1, · · · , en}
and {f1, · · · , fm} complete sets of orthogonal primitive idempotents of A and B
respectively, M a finite dimensional B-A-bimodule, and M∗ := Homk(M,k) its
dual A-B-bimodule. Then dimM∗ = (dimM)T . In particular, if M is a finite
dimensional left or right A-module then dimM∗ = (dimM)T .
Proof. We have (dimM∗)ji = dimeiM
∗fj = dim(fjMei)
∗ = dimfjMei =
(dimM)ij for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. So dimM
∗ = (dimM)T .
Dimension matrices of complexes. The (super) dimension of a bounded
complex M of finite dimensional k-vector spaces is the integer dimM :=∑
l∈Z
(−1)l dimM l. Let A be a finite dimensional elementary algebra, and {e1, · · · ,
en} a complete set of orthogonal primitive idempotents ofA. The (super) dimen-
sion vector of a bounded complex M of finite dimensional right (resp. left) A-
modules is the column (resp. row) vector dimM :=
∑
l∈Z
(−1)l dimM l ∈ Zn. Let
B be also a finite dimensional elementary algebra, and {f1, · · · , fm} a complete
set of orthogonal primitive idempotents of B. The (super) dimension matrix
or (super) Cartan matrix of a bounded complex M of finite dimensional B-A-
bimodules is the integer-valued n×m matrix dimM = CM :=
∑
l∈Z
(−1)l dimM l.
The following result implies that dimension matrix is an additive invariant
on the category B-mod-A of finite dimensional B-A-bimodules.
Lemma 5. Let A and B be two finite dimensional elementary algebras, and
{e1, · · · , en} and {f1, · · · , fm} complete sets of orthogonal primitive idempotents
of A and B respectively. Then the following two statements hold:
(1) For any short exact sequence 0 → X → Y → Z → 0 in the category
B-mod-A of finite dimensional B-A-bimodules, dimY = dimX + dimZ. So
dim : K0(B-mod-A)→ Z
n×m, [M ] 7→ dimM , is a group homomorphism. Here,
K0(B-mod-A) is the Grothendieck group of the abelian category B-mod-A.
(2) For any bounded complex M of finite dimensional B-A-bimodules,
dimM :=
∑
l∈Z
(−1)l dimM l =
∑
l∈Z
(−1)l dimH l(M).
So dimension matrix is invariant under quasi-isomorphisms of bounded com-
plexes of finite dimensional bimodules.
Proof. (1) Acting the exact functor fjB ⊗B − ⊗A Aei : B-mod-A → modk on
the given short exact sequence 0 → X → Y → Z → 0, we obtain a short
exact sequence 0 → fjXei → fjY ei → fjZei → 0 in the category modk of
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finite dimensional k-vector spaces. Thus (dimY )ij = (dimX)ij + (dimZ)ij for
all 1 ≤ i ≤ n and 1 ≤ j ≤ m. So dimY = dimX + dimZ.
(2) Let Z l(M) and Bl(M) be the l-cocycle and l-coboundary of M respec-
tively. Then we have short exact sequences 0→ Bl(M)→ Z l(M)→ H l(M)→
0 and 0 → Z l(M) → M l → Bl+1(M) → 0 in B-mod-A. By (1), we have
dimZ l(M) = dimBl(M)+dimH l(M) and dimM l = dimZ l(M)+dimBl+1(M).
So dimM l = dimBl(M) + dimBl+1(M) + dimH l(M) for all l ∈ Z. Thus
dimM :=
∑
l∈Z
(−1)l dimM l =
∑
l∈Z
(−1)l dimH l(M).
Remark 3. More general, for a cohomologically finite dimensional complex M
of B-A-bimodules, i.e., dimH•(M) =
∑
l∈Z
dimH l(M) <∞, we define its (super)
dimension matrix or (super) Cartan matrix dimM = CM :=
∑
l∈Z
(−1)l dimH l(M)
which is invariant under quasi-isomorphisms of complexes. Thanks to Lemma 5
(2), this definition coincides with that for a bounded complex M of finite di-
mensional B-A-bimodules.
2.2 HRR type formulas for finite dimensional algebras
In this subsection, using dimension vector and dimension matrix, we will give
the HRR type formulas on module, bimodule, module complex and bimodule
complex four levels for finite dimensional elementary algebras of finite global
dimension.
HRR type formulas on module level. The following theorem gives cohomo-
logical, homological, Hochschild cohomological and Hochschild homological four
versions of HRR type formulas on module level for finite dimensional elementary
algebras of finite global dimension. The cohomological HRR type formula on
module level is just Ringel’s formula in [20, Lemma 2.4].
Theorem 1. Let A be a finite dimensional elementary algebra of finite global
dimension, and {e1, · · · , en} a complete set of orthogonal primitive idempotents
in A. Then the following four equivalent statements hold:
(1) (Ringel [20, Lemma 2.4]) For all finite dimensional right A-modules M
and N ,
dim(RHomA(M,N)) :=
∑
l≥0
(−1)l dimExtlA(M,N) = 〈dimM, dimN〉A
where 〈−,−〉A : Z
n × Zn → Z, (x, y) 7→ xT · C−TA · y, is the Ringel form of A.
(2) For all finite dimensional right A-module M and finite dimensional left
A-module N ,
dim(M ⊗LA N) :=
∑
l≥0
(−1)l dimTorAl (M,N) = 〈(dimN)
T , dimM〉Aop
where 〈−,−〉Aop : Z
n×Zn → Z, (x, y) 7→ xT ·C−1A · y, is the Ringel form of A
op.
(3) For any finite dimensional A-bimodule M ,
dim(RHomAe(A,M)) :=
∑
l≥0
(−1)l dimHH l(A,M) = tr(C−TA · dimM)
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where HH l(A,M) := ExtlAe(A,M) is the l-th Hochschild cohomology of A with
coefficients in M .
(4) For any finite dimensional A-bimodule M ,
dim(A⊗LAe M) :=
∑
l≥0
(−1)l dimHHl(A,M) = tr(C
−1
A · dimM)
where HHl(A,M) := Tor
Ae
l (A,M) is the l-th Hochschild homology of A with
coefficients in M .
Remark 4. (1) Unlike those in other literatures, the four HRR type formulas in
Theorem 1 are identities in Z but not k. In the case of A = k, the cohomological
and homological HRR type formulas in Theorem 1 (1) and (2) are nothing but
the formulas dimHomk(M,N) = dimM ·dimN and dim(M⊗N) = dimM ·dimN
for finite dimensional k-vector spaces M and N .
(2) We do have the identities dim(RHomA(M,N)) = 〈dimN, dimM〉Aop and
dim(M ⊗LA N) = 〈dimM, (dimN)
T 〉A. Nonetheless, they are not so natural due
to Theorem 2.
Proof. (1) is just [20, Lemma 2.4], so it is enough to show that the four state-
ments are equivalent.
(1)⇒ (3) : By (1), Lemma 2 (1) and Lemma 1 (3), we have
∑
l≥0
(−1)l dimHH l(A,M)
=
∑
l≥0
(−1)l dimExtlAe(A,M)
(1)
= (dimAAe)
T · C−TAe · dimMAe
2L
=


dime1A
...
dimenA


T
· (C−1A ⊗ C
−T
A ) ·


dime1M
...
dimenM


=


dime1A
...
dimenA


T
·


(C−1A )11 · C
−T
A · · · (C
−1
A )1n · C
−T
A
...
. . .
...
(C−1A )n1 · C
−T
A · · · (C
−1
A )nn · C
−T
A

 ·


dime1M
...
dimenM


=
∑
1≤i,j≤n
(dimeiA)
T · (C−1A )ij · C
−T
A · dimejM
(1)
=
∑
1≤i,j≤n
(C−1A )ij · dimHomA(eiA, ejM)
=
∑
1≤i,j≤n
(C−1A )ij · (dimM)ij
= tr(C−TA · dimM).
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(3) ⇒ (4) : Note that HHl(A,M) = Hl(A ⊗
L
Ae M)
∼= H l((A ⊗LAe M)
∗) ∼=
H l(RHomAe(A,M
∗)) = HH l(A,M∗) for all l. By (3) and Lemma 4, we have
∑
l≥0
(−1)l dimHHl(A,M)
=
∑
l≥0
(−1)l dimHH l(A,M∗)
(3)
= tr(C−TA · dimM
∗)
L
= tr(C−TA · (dimM)
T ) = tr(dimM · C−1A ) = tr(C
−1
A · dimM).
(4)⇒ (2) : Note that TorAl (M,N) = Hl(M ⊗
L
AN)
∼= Hl(A⊗
L
Ae (N ⊗M)) =
HHl(A,N ⊗M) for all l. By (4), Lemma 3 and Lemma 1 (2), we have
∑
l≥0
(−1)l dimTorAl (M,N)
=
∑
l≥0
(−1)l dimHHl(A,N ⊗M)
(4)
= tr(C−1A · dim(N ⊗M))
L
= tr(C−1A · dimM · dimN) = tr(dimN · C
−1
A · dimM)
= dimN · C−1A · dimM
L
= 〈(dimN)T , dimM〉Aop .
(2) ⇒ (1) : Note that ExtlA(M,N) = H
l(RHomA(M,N)) ∼= H
l((M ⊗LA
N∗)∗) ∼= Hl(M ⊗
L
AN
∗) = TorAl (M,N
∗) for all l. By (2) and Lemma 4, we have
∑
l≥0
(−1)l dimExtlA(M,N)
=
∑
l≥0
(−1)l dimTorAl (M,N
∗)
(2)
= dimN∗ · C−1A · dimM
L
= (dimN)T · C−1A · dimM = (dimM)
T · C−TA · dimN = 〈dimM, dimN〉A.
Therefore, the four statements (1), (2), (3) and (4) are equivalent.
Taking the A-bimodule M in Theorem 1 (3) and (4) to be the A-bimodule
A, we obtain the following two corollaries:
Corollary 1. (Happel [8, Theorem 2.2]) Let A be a finite dimensional elemen-
tary algebra of finite global dimension, and ΦA := −C
−T
A ·CA the Coxeter matrix
of A. Then
dim(RHomAe(A,A)) :=
∑
l≥0
(−1)l dimHH l(A) = −trΦA.
Corollary 2. (Zhang-Liu [24, Theorem]) Let A be a finite dimensional ele-
mentary algebra of finite global dimension, and n := dimA/radA = rankK0(A).
Then
dim(A⊗LAe A) :=
∑
l≥0
(−1)l dimHHl(A) = n.
The following result is subtler than Corollary 2. It is [5, Proposition 6]
obtained directly from [11, Proposition 2.5]. Alternatively, on one hand, by [22,
5.3], we have HH0(A) ∼= A/[A,A] and HHl(A) = 0 for all l ≥ 1. On the other
hand, by [14, §5 Korollar], we can obtain radA = [A,A]. Thus HH0(A) ∼= k
n
and HHl(A) = 0 for all l ≥ 1.
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Proposition 1. (Keller [11, Proposition 2.5]) Let A be a finite dimensional ele-
mentary algebra of finite global dimension, and n := dimA/radA = rankK0(A).
Then HH0(A) ∼= k
n and HHl(A) = 0 for all l ≥ 1.
Proposition 1 will play crucial roles in determining the main ingredients
in Shklyarov’s formulas and Petit’s formulas for finite dimensional elementary
algebras of finite global dimension.
HRR type formulas on bimodule level. The following theorem gives the
cohomological and homological HRR type formulas on bimodule level for finite
dimensional elementary algebras of finite global dimension. It generalizes at
first sight but is essentially equivalent to Theorem 1.
Theorem 2. Let A,B and C be three finite dimensional elementary algebras,
A of finite global dimension, and {e1, · · · , en}, {f1, · · · , fm} and {g1, · · · , gp}
complete sets of orthogonal primitive idempotents of A, B and C respectively.
Then the following two equivalent statements hold:
(1) For all finite dimensional B-A-bimodule M and finite dimensional C-A-
bimodule N ,
dim(RHomA(M,N)) :=
∑
l≥0
(−1)l dimExtlA(M,N) = 〈dimM, dimN〉A
where 〈−,−〉A : Z
n×m × Zn×p → Zm×p, (x, y) 7→ xT · C−TA · y.
(2) For all finite dimensional B-A-bimodule M and finite dimensional A-C-
bimodule N ,
dim(M ⊗LA N) :=
∑
l≥0
(−1)l dimTorAl (M,N) = 〈(dimN)
T , dimM〉Aop
where 〈−,−〉Aop : Z
n×p × Zn×m → Zp×m, (x, y) 7→ xT · C−1A · y.
Remark 5. Unlike the cohomological and homological HRR type formulas on
module level (See Remark 4 (2)), in general, we have no dim(RHomA(M,N)) =
〈dimN, dimM〉Aop , since its left hand side is an m× p matrix but its right hand
side is a p × m matrix. Similarly, in general, we have no dim(M ⊗LA N) =
〈dimM, (dimN)T 〉A either.
Proof. By Theorem 1, it suffices to show that Theorem 2 (1) (resp. (2)) holds
if and only if so does Theorem 1 (1) (resp. (2)).
Theorem 2 (1) ⇔ Theorem 1 (1):
Sufficiency. It is enough to prove
∑
l≥0
(−1)l (dimExtlA(M,N))ij = ((dimM)
T · C−TA · dimN)ij
for all 1 ≤ i ≤ m and 1 ≤ j ≤ p. For this, let PM be any projective resolution
of the B-A-bimodule M . Since fiB is a projective right B-module, fiB ⊗B PM
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is a projective resolution of the right A-module fiB ⊗B M ∼= fiM . Note that
gjC ⊗C − ⊗B Bfi is an exact functor from the category C-Mod-B of C-B-
bimodules to the category Modk of k-vector spaces. Thus gjExt
l
A(M,N)fi
∼=
gjC ⊗C H
l(HomA(PM , N)) ⊗B Bfi ∼= H
l(gjC ⊗C HomA(PM , N) ⊗B Bfi) ∼=
H l(HomA(fiB ⊗B PM , gjC ⊗C N)) ∼= Ext
l
A(fiM, gjN) for all 1 ≤ i ≤ m and
1 ≤ j ≤ p. By Theorem 1 (1), we have
∑
l≥0
(−1)l (dimExtlA(M,N))ij
=
∑
l≥0
(−1)l dim gjExt
l
A(M,N)fi =
∑
l≥0
(−1)l dimExtlA(fiM, gjN)
T
= (dimfiM)
T · C−TA · dimgjN = ((dimM)
T · C−TA · dimN)ij
for all 1 ≤ i ≤ m, 1 ≤ j ≤ p.
Necessity. Taking B = k = C in Theorem 2 (1), we obtain Theorem 1 (1).
Theorem 2 (2) ⇔ Theorem 1 (2):
Sufficiency. It is enough to prove
∑
l≥0
(−1)l (dimTorAl (M,N))ij = (dimN · C
−1
A · dimM)ij
for all 1 ≤ i ≤ p and 1 ≤ j ≤ m. For this, let PM be any projective resolution
of the B-A-bimodule M . Then fjB ⊗B PM is a projective resolution of the
right A-module fjM . Note that fjB ⊗B − ⊗C Cgi : B-Mod-C → Modk is
an exact functor. Thus fjTor
A
l (M,N)gi
∼= fjB ⊗B H
l(PM ⊗A N) ⊗C Cgi ∼=
H l(fjB⊗BPM⊗AN⊗CCgi) ∼= Tor
A
l (fjM,Ngi) for all 1 ≤ i ≤ p and 1 ≤ j ≤ m.
By Theorem 1 (2), we have
∑
l≥0
(−1)l (dimTorAl (M,N))ij
=
∑
l≥0
(−1)l dim fjTor
A
l (M,N)gi =
∑
l≥0
(−1)l dimTorAl (fjM,Ngi)
T
= dimNgi · C
−1
A · dimfjM = (dimN · C
−1
A · dimM)ij
for all 1 ≤ i ≤ p and 1 ≤ j ≤ m.
Necessity. Taking B = k = C in Theorem 2 (2), we get Theorem 1 (2).
HRR type formulas on complex level. The following theorem gives coho-
mological, homological, Hochschild cohomological and Hochschild homological
four versions of HRR type formulas on complex level for finite dimensional el-
ementary algebras of finite global dimension, which generalizes at first glance
but is essentially equivalent to Theorem 1.
Theorem 3. Let A be a finite dimensional elementary algebra of finite global
dimension, and {e1, · · · , en} a complete set of orthogonal primitive idempotents
in A. Then the following four equivalent statements hold:
(1) For all bounded complexes M and N of finite dimensional right A-
modules,
dim(RHomA(M,N)) :=
∑
l∈Z
(−1)l dimExtlA(M,N) = 〈dimM, dimN〉A
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where 〈−,−〉A : Z
n × Zn → Z, (x, y) 7→ xT · C−TA · y, is the Ringel form of A.
(2) For all bounded complex M of finite dimensional right A-modules and
bounded complex N of finite dimensional left A-modules,
dim(M ⊗LA N) :=
∑
l∈Z
(−1)l dimTorAl (M,N) = 〈(dimN)
T , dimM〉Aop
where 〈−,−〉Aop : Z
n×Zn → Z, (x, y) 7→ xT ·C−1A · y, is the Ringel form of A
op.
(3) For any bounded complex M of finite dimensional A-bimodules,
dim(RHomAe(A,M)) :=
∑
l∈Z
(−1)l dimHH l(A,M) = tr(C−TA · dimM).
(4) For any bounded complex M of finite dimensional A-bimodules,
dim(A⊗LAe M) :=
∑
l∈Z
(−1)l dimHHl(A,M) = tr(C
−1
A · dimM).
Remark 6. Since A is a finite dimensional elementary algebra of finite global
dimension, any cohomologically finite dimensional complex of left (resp. right)
A-modules is quasi-isomorphic to a bounded complex of finite dimensional pro-
jective (injective) left (resp. right) A-modules. Moreover, Ae is also a finite
dimensional elementary algebra of finite global dimension. By Remark 3, we
may freely replace “bounded complex of finite dimensional left (resp. right)
modules” in Theorem 3 with “bounded complex of finite dimensional projective
(injective) left (resp. right) modules” or “cohomologically finite dimensional
complex of left (resp. right) modules”.
Proof. By Theorem 1, it is enough to show that Theorem 3 (1) (resp. (2), (3)
and (4)) holds if and only if so does Theorem 1 (1) (resp. (2), (3) and (4)).
Theorem 3 (1) ⇔ Theorem 1 (1):
Sufficiency. By Remark 6, we may assume that M is a bounded complex of
finite dimensional projective right A-modules. By Lemma 5 (2), we have
∑
l∈Z
(−1)l dimExtlA(M,N) = dimHomA(M,N)
=
∑
i,j∈Z
(−1)j−i dimHomA(M
i, N j).
On the other hand, we have
〈dimM, dimN〉A = 〈
∑
i∈Z
(−1)i dimM i,
∑
j∈Z
(−1)j dimN j〉A
=
∑
i,j∈Z
(−1)i+j 〈dimM i, dimN j〉A.
Now it suffices to prove dimHomA(M
i, N j) = 〈dimM i, dimN j〉A for all i, j ∈ Z.
This is obvious by Theorem 1 (1), since M i is a finite dimensional projective
right A-module.
Necessity. It is clear.
Theorem 3 (2) ⇔ Theorem 1 (2):
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Sufficiency. By Remark 6, we may assume that M is a bounded complex of
finite dimensional projective right A-modules. By Lemma 5 (2), we have
∑
l∈Z
(−1)l dimTorAl (M,N) = dim(M ⊗A N) =
∑
i,j∈Z
(−1)i+j dim(M i ⊗A N
j).
On the other hand, we have
〈(dimN)T , dimM〉Aop = 〈
∑
j∈Z
(−1)j (dimN j)T ,
∑
i∈Z
(−1)i dimM i〉Aop
=
∑
i,j∈Z
(−1)i+j 〈(dimN j)T , dimM i〉Aop .
Now it suffices to prove dim(M i⊗AN
j) = 〈(dimN j)T , dimM i〉Aop for all i, j ∈ Z.
This is obvious by Theorem 1 (2), since M i is a finite dimensional projective
right A-module.
Necessity. It is clear.
Theorem 3 (3) ⇔ Theorem 1 (3):
Sufficiency. By Remark 6, we may assume that M is a bounded complex of
finite dimensional injective A-bimodules. By Lemma 5 (2), we have
∑
l∈Z
(−1)l dimExtlAe(A,M) = dimHomAe(A,M) =
∑
i∈Z
(−1)i dimHomAe(A,M
i).
On the other hand, we have
tr(C−TA · dimM) = tr(C
−T
A · (
∑
i∈Z
(−1)i dimM i)) =
∑
i∈Z
(−1)i tr(C−TA · dimM
i).
Now it suffices to prove dimHomAe(A,M
i) = tr(C−TA · dimM
i) for all i ∈ Z.
This is obvious by Theorem 1 (3), since M i is a finite dimensional injective
A-bimodule.
Necessity. It is clear.
Theorem 3 (4) ⇔ Theorem 1 (4):
Sufficiency. By Remark 6, we may assume that M is a bounded complex of
finite dimensional projective A-bimodules. By Lemma 5 (2), we have
∑
l∈Z
(−1)l dimTorA
e
l (A,M) = dim(A⊗Ae M) =
∑
i∈Z
(−1)i dim(A⊗Ae M
i).
On the other hand, we have
tr(C−1A · dimM) = tr(C
−1
A · (
∑
i∈Z
(−1)i dimM i)) =
∑
i∈Z
(−1)i tr(C−1A · dimM
i).
Now it suffices to prove dim(A ⊗Ae M
i) = tr(C−1A · dimM
i) for all i ∈ Z.
This is obvious by Theorem 1 (4), since M i is a finite dimensional projective
A-bimodule.
Necessity. It is clear.
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HRR type formulas on bimodule complex level. The following theorem
gives the cohomological and homological HRR type formulas on bimodule com-
plex level for finite dimensional elementary algebras of finite global dimension.
It generalizes at first sight but is essentially equivalent to Theorem 3.
Theorem 4. Let A,B and C be three finite dimensional elementary algebras,
A of finite global dimension, and {e1, · · · , en}, {f1, · · · , fm} and {g1, · · · , gp}
complete sets of orthogonal primitive idempotents of A, B and C respectively.
Then the following two equivalent statements hold:
(1) For all bounded complex M of finite dimensional B-A-bimodules and
bounded complex N of finite dimensional C-A-bimodules,
dim(RHomA(M,N)) :=
∑
l∈Z
(−1)l dimExtlA(M,N) = 〈dimM, dimN〉A
where 〈−,−〉A : Z
n×m × Zn×p → Zm×p, (x, y) 7→ xT · C−TA · y.
(2) For all bounded complex M of finite dimensional B-A-bimodules and
bounded complex N of finite dimensional A-C-bimodules,
dim(M ⊗LA N) :=
∑
l∈Z
(−1)l dimTorAl (M,N) = 〈(dimN)
T , dimM〉Aop
where 〈−,−〉Aop : Z
n×p × Zn×m → Zp×m, (x, y) 7→ xT · C−1A · y.
Proof. Employ the same proof as Theorem 2 with merely the following mod-
ifications: Let PM be any homotopically projective resolution of the bounded
complexM of finite dimensional B-A-bimodules. Since fiB is a projective right
B-module, fiB ⊗B PM is a homotopically projective resolution of the bounded
complex fiB ⊗B M ∼= fiM of finite dimensional right A-modules.
2.3 Comparisons with HRR type formulas for dg algebras
The HRR type formulas for dg algebras were given by Shklyarov in [22]. For any
triangular algebra over a field of characteristic zero, Shklyarov deduced Ringel’s
formula in Theorem 1 (1) from his formula in Theorem 5 below (Ref. [22, 5.1]).
In this subsection, we show that, for any finite dimensional elementary algebra of
finite global dimension over a field of characteristic zero, Shklyarov’s formula in
Theorem 5 is just the cohomological HRR formula on complex level in Theorem 3
(1) which is equivalent to Ringel’s formula in Theorem 1 (1), and Shklyarov’s
formula in Proposition 2 below is just the homological HRR formula on complex
level in Theorem 3 (2). Two main ingredients in Shklyarov’s formulas are Chern
character and Shklyarov pairing.
Chern character. Let A be a dg algebra. Denote by Cdg(A) the dg category
of all dg right A-modules and HA := H0(Cdg(A)) its homotopy category. A dg
right A-module M is perfect if it is a homotopy direct summand of a finitely
generated semi-free dg right A-module, i.e., there is a finitely generated semi-free
dg right A-module N and a pair of degree 0 closed morphisms φ :M → N and
ψ : N →M in Cdg(A), or equivalently, morphisms φ :M → N and ψ : N →M
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in HA, such that ψφ = idM in HA. Denote by PerA the full dg subcategory of
Cdg(A) consisting of all perfect dg right A-modules.
For each M ∈ PerA, we have a dg tensor product functor TM := − ⊗k M :
Perk → PerA. It induces a graded k-linear map HH•(TM ) : k = HH•(k) ∼=
HH•(Perk) → HH•(PerA) ∼= HH•(A) by the agreement and functoriality of
Hochschild homology [12]. The Chern character (or Euler character, Chern
class, Euler class) of M is the 0-th Hochschild homology class ch(M) :=
HH0(TM )(1k) ∈ HH0(A).
If M,N ∈ PerA are homotopy equivalent then ch(M) = ch(N) (Ref. [22,
Proposition 3.1]). If M ∈ PerA then ch(M [1]) = −ch(M). Moreover, for any
triangle L→M → N → L[1] in the homotopy category H(PerA) := H0(PerA)
of PerA, we have ch(M) = ch(L) + ch(N) (Ref. [22, Proposition 3.2]). So
we have Chern character map ch : K0(H(PerfA)) → HH0(A), [M ] 7→ ch(M),
which is a group homomorphism. In particular, if M ∈ Perk then ch(M) =∑
l∈Z
(−1)l dimH l(M) ∈ k, which is also equal to
∑
l∈Z
(−1)l dimM l if M is a
bounded complex of finite dimensional k-vector spaces.
There exists a natural chain isomorphism (−)∨ from the Hochschild chain
complex C•(A) of A to the Hochschild chain complex C•(A
op) of Aop, and
further a graded k-linear isomorphism (−)∨ : HH•(A)→ HH•(A
op). Moreover,
ch(HomPerA(M,A)) = ch(M)
∨ for all M ∈ PerA (Ref. [22, Proposition 4.5]).
Shklyarov pairing. Let A be a proper dg algebra, i.e., a dg algebra of finite
dimensional total cohomology. Then the dg functor − ⊗A⊗Aop A : Per(A ⊗
Aop)→ Perk induces a chain morphism C•(−⊗A⊗Aop A) : C•(Per(A⊗A
op))→
C•(Perk) where C•(A) denotes the Hochschild chain complex of an exact dg
category A. The natural dg functor PerA⊗ PerAop → Per(A⊗ Aop) induces a
chain morphism C•(PerA ⊗ PerA
op) → C•(Per(A ⊗ A
op)). Moreover, we have
the Ku¨nneth morphism C•(PerA) ⊗ C•(PerA
op) → C•(PerA ⊗ PerA
op). The
composition of these three chain morphisms is a chain morphism C•(PerA) ⊗
C•(PerA
op) → C•(Perk). Taking cohomology, we obtain a pairing 〈−,−〉 :
HH•(PerA)⊗HH•(PerA
op)→ k. Using the agreement isomorphismHH•(A) ∼=
HH•(PerA) (Ref. [12, Theorem 2.4]), we obtain the Shklyarov pairing
〈−,−〉 : HH•(A)⊗HH•(A
op)→ k
of A (Ref. [22, (1.7)]) which is nondegenerate if A is a proper smooth dg algebra
[22, Theorem 1.4]. Recall that a dg algebra A is (homologically) smooth if A is
compact in the derived category DAe of Ae, or equivalently, the dg A-bimodule
A is quasi-isomorphic to a perfect dg A-bimodule.
HRR type formulas for dg algebras. The HRR type formulas for dg alge-
bras are Shklyarov’s formulas below.
Theorem 5. (Shklyarov [22, Theorem 1.2 and Theorem 1.3]) Let A be a proper
dg algebra, and M,N two perfect dg right A-modules. Then
ch(HomPerA(M,N)) = 〈ch(N), ch(M)
∨〉
where 〈−,−〉 is the Shklyarov pairing of A.
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Proposition 2. (Shklyarov [22, Proposition 4.4]) Let A be a proper dg algebra,
M a perfect dg right A-module, and N a perfect dg left A-module. Then
ch(M ⊗A N) = 〈ch(M), ch(N)〉
where 〈−,−〉 is the Shklyarov pairing of A.
Shklyarov pairing for finite dimensional algebras. Let A be a finite
dimensional elementary algebra of finite global dimension, and {e1, · · · , en} a
complete set of orthogonal primitive idempotents of A. Thanks to Proposi-
tion 1, we may assume that e1, · · · , en and e
∨
1 := e1, · · · , e
∨
n := en are k-bases
of HH0(A) = A/[A,A] =
n⊕
i=1
kei and HH0(A
op) = Aop/[Aop, Aop] =
n⊕
i=1
ke∨i
respectively. Here, the notations e∨1 , · · · , e
∨
n ∈ A
op are used to distinguish
e1, · · · , en ∈ A
op from e1, · · · , en ∈ A on one hand, and are harmonious with the
isomorphism (−)∨ : HH0(A)→ HH0(A
op) on the other hand. In our situation,
the Shklyarov pairing is quite clear.
Proposition 3. Let A be a finite dimensional elementary algebra of finite global
dimension, and {e1, · · · , en} a complete set of orthogonal primitive idempotents
of A. Then the matrix of the Shklyarov pairing 〈−,−〉 : HH0(A)⊗HH0(A
op)→
k under the basis e1, · · · , en of HH0(A) and the basis e
∨
1 , · · · , e
∨
n of HH0(A
op)
is the transpose CTA of the Cartan matrix CA of the algebra A.
Proof. Note that ch(eiA) = ei for all 1 ≤ i ≤ n. By Theorem 5, we have
〈ei, e
∨
j 〉 = 〈ch(eiA), ch(ejA)
∨〉 = dimHomA(ejA, eiA) = (CA)ji for all 1 ≤ i, j ≤
n. So the matrix of the Shklyarov pairing 〈−,−〉 under the bases is CTA .
Chern characters for finite dimensional algebras. For a finite dimensional
elementary algebra A of finite global dimension, up to homotopy equivalences,
PerA consists of all bounded complexes of finite dimensional projective right
A-modules. Moreover, K0(H(PerA)) ∼= K0(projA) ∼= K0(modA) ∼= Z
n.
The following result relates Chern character with dimension vector, and
provides a concrete formula to calculate Chern character. In fact, it holds for
all perfect dg right A-module M , since ch(M) is invariant under homotopy
equivalences of perfect dg right A-modules and dimM is well-defined for any
cohomologically finite dimensional complexM of right A-modules and invariant
under quasi-isomorphisms of complexes of right A-modules (See Remark 3).
Proposition 4. Let A be a finite dimensional elementary algebra of finite global
dimension, {e1, · · · , en} a complete set of orthogonal primitive idempotents of
A, and M a bounded complex of finite dimensional projective right A-modules.
Then
ch(M) = (e1, · · · , en) · C
−1
A · dimM
in HH0(A) = A/[A,A] =
n⊕
i=1
kei.
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Proof. By Proposition 1, we may assume ch(M) =
n∑
j=1
ajej with a1, · · · , an ∈ k.
By Theorem 5 and Proposition 3, we have (dimM)i = dimHomA(eiA,M) =
〈ch(M), ch(eiA)
∨〉 = 〈
n∑
j=1
ajej , e
∨
i 〉 =
n∑
j=1
(CA)ij · aj for all 1 ≤ i ≤ n. So
dimM = CA · [a1, · · · , an], i.e., [a1, · · · , an] = C
−1
A · dimM. Thus ch(M) =
(e1, · · · , en) · C
−1
A · dimM .
Proposition 4 implies that, under the canonical bases of free modules of finite
ranks, the Chern character map ch : K0(H(PerA))→ HH0(A) is given by C
−1
A :
K0(H(PerA))
ch
//
∼=

HH0(A)
∼=

[M ]
✤ //
❴

ch(M)
❴

Z
n ch // kn dimM ✤ // C−1A · dimM.
Comparisons of the HRR type formulas. The cohomological and homolog-
ical HRR type formulas on complex level in Theorem 3 (1) and (2) are identities
in Z, but Shklyarov’s formulas in Theorem 5 and Proposition 2 are identities in
k.
When both formulas are restricted to a finite dimensional elementary algebra
A of finite global dimension over a field k of characteristic zero, Shklyarov’s
formula in Theorem 5 and the cohomological HRR type formula on complex level
in Theorem 3 (1) coincide: Without loss of generality (See Remark 6), letM and
N be two bounded complexes of finite dimensional projective right A-modules.
Shklyarov’s formula in Theorem 5 is ch(HomPerA(M,N)) = 〈ch(N), ch(M)
∨〉.
Its left hand side is equal to
∑
l∈Z
(−1)l dimExtlA(M,N). By Proposition 3 and
Proposition 4, its right hand side
〈ch(N), ch(M)∨〉 = (C−1A · dimN)
T · CTA · (C
−1
A · dimM)
= (dimN)T · C−1A · dimM = (dimM)
T · C−TA · dimN.
So
∑
l∈Z
(−1)l dimExtlA(M,N) = (dimM)
T ·C−TA · dimN in k. Due to chark = 0,
∑
l∈Z
(−1)l dimExtlA(M,N) = (dimM)
T ·C−TA · dimN holds in Z. This is just the
cohomological HRR type formula on complex level in Theorem 3 (1).
When both formulas are restricted to a finite dimensional elementary alge-
bra A of finite global dimension over a field k of characteristic zero, Shklyarov’s
formula in Proposition 2 and the homological HRR type formula on complex
level in Theorem 3 (2) coincide: Without loss of generality (See Remark 6),
let M be a bounded complex of finite dimensional projective right A-modules
and N a bounded complex of finite dimensional projective left A-modules. Shkl-
yarov’s formula in Proposition 2 is ch(M⊗AN) = 〈ch(M), ch(N)〉. Its left hand
side is equal to
∑
l∈Z
(−1)l dimTorAl (M,N). By Proposition 3, Proposition 4 and
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Lemma 1 (2), its right hand side
〈ch(M), ch(N)〉 = (C−1A · dimM)
T · CTA · (C
−1
Aop · dimNAop)
= (C−1A · dimM)
T · CTA · (C
−T
A · (dimN)
T )
= (dimM)T · C−TA · (dimN)
T = dimN · C−1A · dimM.
This is just the homological HRR type formula on complex level in Theorem 3
(2).
3 Lefschetz type formulas for finite dimensional
algebras
In this section, we will give the Lefschetz type formulas for finite dimensional
elementary algebras of finite global dimension and compare them with the Lef-
schetz type formulas for dg algebras.
3.1 Trace matrices
In order to formulate the Lefschetz type formulas for finite dimensional ele-
mentary algebras of finite global dimension, we introduce the trace vector of
a module (complex) endomorphism and the trace matrix of a bimodule (com-
plex) endomorphism which are natural generalizations of the (super) trace of a
k-vector space (complex) endomorphism.
Trace matrices of bimodules. Let A be a finite dimensional elementary
algebra and {e1, · · · , en} a complete set of orthogonal primitive idempotents
of A. The trace vector of an endomorphism φ of a finite dimensional right A-
module M is the column vector trφ = trM (φ) := [trφ1, · · · , trφn] ∈ k
n where
φi ∈ Endk(Mei) is the restriction of φ on Mei for all 1 ≤ i ≤ n. The trace
vector of an endomorphism ψ of a finite dimensional left A-module N is the
row vector trψ = trN (ψ) := (trψ1, · · · , trψn) ∈ k
n where ψi ∈ Endk(eiN) is the
restriction of ψ to eiN for all 1 ≤ i ≤ n.
Remark 7. An endomorphism φ of a finite dimensional right A-module M
can be viewed naturally as an endomorphism φ of a finite dimensional left Aop-
module M , but trMA(φ) = trAopM (φ)
T .
Let A and B be two finite dimensional elementary algebras, and {e1, · · · , en}
and {f1, · · · , fm} complete sets of orthogonal primitive idempotents of A and
B respectively. The trace matrix trφ = tr
BMA
(φ) of an endomorphism φ of a
finite dimensional B-A-bimodule M is the n×m matrix (trφij) ∈ k
n×m where
φij ∈ Endk(fjMei) is the restriction of φ on fjMei for all 1 ≤ i ≤ n and
1 ≤ j ≤ m.
Remark 8. An endomorphism φ of a finite dimensional right A-moduleM can
be viewed naturally as an endomorphism φ of a finite dimensional k-A-bimodule
kMA, and trMA(φ) = trkMA
(φ). An endomorphism ψ of a finite dimensional
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left A-module N can be viewed naturally as an endomorphism ψ of a finite
dimensional A-k-bimodule ANk, and trAN (ψ) = trANk
(ψ). So trace matrix is a
generalization of trace vector.
An endomorphism φ of a finite dimensional B-A-bimoduleM can be viewed
naturally as either an endomorphism φ of a finite dimensional right (Bop ⊗A)-
module MBop⊗A or an endomorphism φ of a finite dimensional left (B ⊗ A
op)-
module B⊗AopM . The following result distinguishes tr
BMA
(φ), trMBop⊗A(φ) and
tr
B⊗AopM
(φ).
Lemma 6. Let A and B be finite dimensional elementary algebras, {e1, · · · , en}
and {f1, · · · , fm} complete sets of orthogonal primitive idempotents of A and B
respectively, and φ an endomorphism of a finite dimensional B-A-bimodule M .
Then
(1) trMBop⊗A(φ) = [trf1M (φ1), · · · , trfmM (φm)], i.e., the column vectoriza-
tion of tr
M
(φ), where φj ∈ EndA(fjM) is the restriction of φ on fjM for all
1 ≤ j ≤ m.
(2) tr
B⊗AopM
(φ) = (trMBop⊗A(φ))
T is the row vectorization of (tr
M
(φ))T .
Proof. (1) With respect to the complete set {f1 ⊗ e1, · · · , f1 ⊗ en, · · · , fm ⊗ e1,
· · · , fm ⊗ en} of orthogonal primitive idempotent of B
op ⊗A, we have
trMBop⊗A(φ)
= [trM(f1⊗e1)(φ11), · · · , trM(f1⊗en)(φn1), · · · , trM(fm⊗e1)(φ1m), · · · , trM(fm⊗en)(φnm)]
= [trf1Me1(φ11), · · · , trf1Men(φn1), · · · , trfmMe1(φ1m), · · · , trfmMen(φnm)]
= [trf1M (φ1), · · · , trfmM (φm)].
(2) follows from tr
B⊗AopM
(φ) = (trMBop⊗A(φ))
T and (1).
Now we observe some properties of trace matrices whose proofs can be re-
duced to the corresponding properties of the traces of k-linear operators on finite
dimensional k-vector spaces.
Lemma 7. Let A and B be two finite dimensional elementary algebras, and
{e1, · · · , en} and {f1, · · · , fm} complete sets of orthogonal primitive idempotents
of A and B respectively. Then the following three statements hold:
(1) For all endomorphisms φ and ψ of a finite dimensional B-A-bimodule
M , tr(φ+ ψ) = trφ+ trψ.
(2) For all morphisms φ : M → N and ψ : N → M between finite dimen-
sional B-A-bimodules M and N , tr(φψ) = tr(ψφ).
(3) For any finite dimensional B-A-bimodule M , tr(id
BMA) = dimBMA in
kn×m.
Proof. (1) We have (tr(φ+ψ))ij = tr(φ+ψ)ij = tr(φij +ψij) = trφij +trψij =
(trφ)ij +(trψ)ij = (trφ+trψ)ij for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. So tr(φ+ψ) =
trφ+ trψ.
(2) We have (tr(φψ))ij = tr(φψ)ij = tr(φijψij) = tr(ψijφij) = tr(ψφ)ij =
(tr(ψφ))ij for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. So tr(φψ) = tr(ψφ).
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(3) We have (tr(id
BMA))ij = tr(idBMA)ij = tr(idfjMei ) = dimfjMei =
(dimBMA)ij in k for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. So tr(idBMA) = dimBMA in
kn×m.
We know that any linear operator and its dual operator have the same trace.
More general, we have the following result:
Lemma 8. Let A and B be finite dimensional elementary algebras, {e1, · · · , en}
and {f1, · · · , fm} complete sets of orthogonal primitive idempotents of A and B
respectively, φ an endomorphism of a finite dimensional B-A-bimodule M , and
φ∗ := Homk(φ, k) its dual endomorphism. Then trφ
∗ = (trφ)T .
Proof. Take a k-basis of fjMei for all 1 ≤ i ≤ n and 1 ≤ j ≤ m. They form a
k-basis ofM . From the correspondence between dual bases, we obtain a k-linear
isomorphism ξ : eiM
∗fj → (fjMei)
∗ such that ξ ◦ (φ∗)ji = (φij)
∗ ◦ ξ, i.e., the
following diagram is commutative:
eiM
∗fj
ξ
//
(φ∗)ji

(fjMei)
∗
(φij)
∗

eiM
∗fj
ξ
// (fjMei)
∗.
By Lemma 7 (2), we have tr(φ∗)ji = tr(ξ
−1◦(φij)
∗◦ξ) = tr(φij)
∗. Furthermore,
(trφ∗)ji = tr(φ
∗)ji = tr(φij)
∗ = trφij = ((trφ)
T )ji for all 1 ≤ i ≤ n and
1 ≤ j ≤ m. So trφ∗ = (trφ)T .
We know that the trace of the tensor product of two linear operators is the
product of their traces. More general, we have the following result:
Lemma 9. Let A and B be finite dimensional elementary algebras, {e1, · · · , en}
and {f1, · · · , fm} complete sets of orthogonal primitive idempotents of A and B
respectively, φ an endomorphism of a finite dimensional right A-module M , and
ψ an endomorphism of a finite dimensional left B-module N . Then tr
N⊗M
(ψ⊗
φ) = trM (φ) · trN (ψ).
Proof. We have (tr
N⊗M
(ψ ⊗ φ))ij = trfjN⊗Mei((ψ ⊗ φ)ij) = trfjN⊗Mei(ψj ⊗
φi) = trMei(φi)·trfjN (ψj) = (trM (φ)·trN (ψ))ij for all 1 ≤ i ≤ n and 1 ≤ j ≤ m.
So tr
N⊗M
(ψ ⊗ φ) = trM (φ) · trN (ψ).
Trace matrices of complexes. Let φ be a chain endomorphism of a bounded
complex M of finite dimensional k-vector spaces. The (super) trace of φ is
trφ = trM (φ) :=
∑
l∈Z
(−1)l trMl(φ
l) ∈ k. Let A be a finite dimensional elemen-
tary algebra, and {e1, · · · , en} a complete set of orthogonal primitive idempo-
tents of A. The (super) trace vector of a chain endomorphism φ of a bounded
complex M of finite dimensional right (resp. left) A-modules is the column
(resp. row) vector trφ = trM (φ) :=
∑
l∈Z
(−1)l trMl(φ
l) ∈ kn. Let B be also
a finite dimensional elementary algebra, and {f1, · · · , fm} a complete set of
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orthogonal primitive idempotents of B. The (super) trace matrix of a chain
endomorphism φ of a bounded complex M of finite dimensional B-A-bimodules
is trφ = tr
M
(φ) :=
∑
l∈Z
(−1)l tr
Ml
(φl) ∈ kn×m.
Recall that the endomorphism category End(C) of a category C is the category
whose objects are all pairs (C, φ) where C is an object in C and φ ∈ EndC(C),
whose morphisms ξ : (C, φ)→ (C′, φ′) are all morphisms ξ ∈ HomC(C,C
′) satis-
fying ξφ = φ′ξ, and the composition of two morphisms is just their composition
in C (See, for example, [14]). The following result implies that tr is an addi-
tive invariant on the endomorphism category End(B-mod-A) of the category
B-mod-A of finite dimensional B-A-bimodules.
Lemma 10. Let A and B be two finite dimensional elementary algebras, and
{e1, · · · , en} and {f1, · · · , fm} complete sets of orthogonal primitive idempotents
of A and B respectively. Then the following two statements hold:
(1) For any short exact sequence 0 → (M ′, φ′)
λ
−→ (M,φ)
ρ
−→ (M ′′, φ′′) → 0
in End(B-mod-A), i.e., the commutative diagram
0 // M ′
λ
//
φ′

M
ρ
//
φ

M ′′ //
φ′′

0
0 // M ′
λ
// M
ρ
//M ′′ // 0
in B-mod-A with exact rows, trφ = trφ′ + trφ′′. So tr : K0(End(B-mod-A))→
kn×m, [(M,φ)] 7→ trφ, is a group homomorphism. In particular, tr is invariant
under the isomorphisms in End(B-mod-A).
(2) For any chain endomorphism φ of a bounded complex M of finite dimen-
sional B-A-bimodules,
tr
M
(φ) :=
∑
l∈Z
(−1)l tr
Ml
(φl) =
∑
l∈Z
(−1)l tr
Hl(M)
(H l(φ)).
Proof. (1) Acting the exact functor fjB⊗B−⊗AAei : B-mod-A→ modk on the
given short exact sequence in End(B-mod-A), we obtain a short exact sequence
in the endomorphism category End(modk) of modk:
0 // fjX
′ei //
φ′ij

fjXei //
φij

fjX
′′ei //
φ′′ij

0
0 // fjX
′ei // fjXei // fjX
′′ei // 0.
Thus trφij = trφ
′
ij + trφ
′′
ij for all 1 ≤ i ≤ n, 1 ≤ j ≤ m. So trφ = trφ
′ + trφ′′.
(2) Let Z l(M) and Bl(M) be the l-cocycle and l-coboundary of M respec-
tively. Then we have two short exact sequences
0 // Bl(M) //
Bl(φ)

Z l(M) //
Zl(φ)

H l(M) //
Hl(φ)

0
0 // Bl(M) // Z l(M) // H l(M) // 0
21
and
0 // Z l(M) //
Zl(φ)

M l //
φl

Bl+1(M) //
Bl+1(φ)

0
0 // Z l(M) // M l // Bl+1(M) // 0
in the endomorphism category End(B-mod-A), where Bl(φ) (resp. Z l(φ)) is the
restriction of φl on Bl(M) (resp. Z l(M)) andH l(φ) is induced by φl for all l ∈ Z.
By (1), we have trZ l(φ) = trBl(φ)+trH l(φ) and trφl = trZ l(φ)+trBl+1(φ). So
trφl = trBl(φ) + trBl+1(φ) + trH l(φ) for all l ∈ Z. Thus trφ :=
∑
l∈Z
(−1)l trφl =
∑
l∈Z
(−1)l trH l(φ).
Remark 9. More general, for a chain endomorphism φ of a cohomologically
finite dimensional complex M of B-A-bimodules, we can define its (super) trace
matrix trφ = tr
M
(φ) :=
∑
l∈Z
(−1)l tr
Hl(M)
(H l(φ)). Thanks to Lemma 10 (2), this
definition coincides with that for a chain endomorphism φ of a bounded complex
M of finite dimensional B-A-bimodules. A morphism ξ : (M,φ) → (N,ψ) in
the endomorphism category End(Cf (B-Mod-A)) of the category Cf (B-Mod-A)
of cohomologically finite dimensional complexes of B-A-bimodules is a quasi-
isomorphism if ξ is a quasi-isomorphism in Cf(B-Mod-A). Obviously, trace
matrix is invariant under the quasi-isomorphisms in Cf (B-Mod-A).
3.2 Lefschetz type formulas for finite dimensional algebras
In this subsection, using trace vectors and trace matrices, we will give the Lef-
schetz type formulas on module, bimodule, module complex and bimodule com-
plex four levels for finite dimensional elementary algebras of finite global dimen-
sion.
Lefschetz type formulas on module level. The following theorem gives co-
homological, homological, Hochschild cohomological and Hochschild homologi-
cal four versions of Lefschetz type formulas on module level for finite dimensional
elementary algebras of finite global dimension.
Theorem 6. Let A be a finite dimensional elementary algebra of finite global
dimension, and {e1, · · · , en} a complete set of orthogonal primitive idempotents
of A. Then the following four equivalent statements hold:
(1) For all endomorphism φ of a finite dimensional right A-module M and
endomorphism ψ of a finite dimensional right A-module N ,
tr(RHomA(φ, ψ)) :=
∑
l≥0
(−1)l tr(ExtlA(φ, ψ)) = 〈trφ, trψ〉A
where 〈−,−〉A : k
n × kn → k, (x, y) 7→ xT · C−TA · y.
(2) For all endomorphism φ of a finite dimensional right A-module M and
endomorphism ψ of a finite dimensional left A-module N ,
tr(φ⊗LA ψ) :=
∑
l≥0
(−1)l tr(TorAl (φ, ψ)) = 〈(trψ)
T , trφ〉Aop
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where 〈−,−〉Aop : k
n × kn → k, (x, y) 7→ xT · C−1A · y.
(3) For any endomorphism φ of a finite dimensional A-bimodule M ,
tr(RHomAe(A, φ)) :=
∑
l≥0
(−1)l tr(HH l(A, φ)) = tr(C−TA · trφ).
(4) For any endomorphism φ of a finite dimensional A-bimodule M ,
tr(A⊗LAe φ) :=
∑
l≥0
(−1)l tr(HHl(A, φ)) = tr(C
−1
A · trφ).
Remark 10. (1) In Theorem 6, RHomA(φ, ψ), φ ⊗
L
A ψ, RHomAe(A, φ) and
A⊗LAe φ are endomorphisms of RHomA(M,N), M ⊗
L
A N , RHomAe(A,M) and
A ⊗LAe M in the bounded derived category D
b(modk) respectively. Moreover,
ExtlA(φ, ψ), Tor
A
l (φ, ψ), HH
l(A, φ) and HHl(A, φ) are k-linear operators on
k-vector spaces ExtlA(M,N), Tor
A
l (M,N), HH
l(A,M) and HHl(A,M) re-
spectively. The left hand sides of the Lefschetz type formulas are nothing
but the (super) traces or Hattori-Stallings traces trRHomA(M,N)(RHomA(φ, ψ)),
trM⊗L
A
N (φ ⊗
L
A ψ), trRHomAe (A,M)(RHomAe(A, φ)) and trA⊗LAeM (A ⊗
L
Ae φ) (See
Remark 9 and §3.3).
(2) The four Lefschetz type formulas in Theorem 6 are identities in k. In the
case of A = k, the cohomological and homological Lefschetz type formulas in
Theorem 6 (1) and (2) are nothing but the formulas tr(Homk(φ, ψ)) = trφ · trψ
and tr(φ ⊗ ψ) = trφ · trψ for k-linear operators φ and ψ on finite dimensional
k-vector spaces.
(3) We do have the identities tr(RHomA(φ, ψ)) = 〈trψ, trφ〉Aop and tr(φ⊗
L
A
ψ) = 〈trφ, (trψ)T 〉A. Nonetheless, they are not so natural due to Theorem 7.
(4) In the case of chark = 0, Theorem 6 implies Theorem 1. For this, it is
enough to take all φ and ψ in Theorem 6 to be identity morphisms and apply
Lemma 7 (3).
Proof. First of all, we show that (2) holds. Denote Si := eiA/rad(eiA), 1 ≤ i ≤
n. Then {S1, · · · , Sn} is a complete set of representatives of isomorphism classes
of simple right A-modules, and dimS1 = [1, 0, · · · , 0], · · · , dimSn = [0, · · · , 0, 1].
Since A is a finite dimensional elementary algebra of finite global dimension,
Ae = Aop ⊗ A is also a finite dimensional elementary algebra of finite global
dimension and {ei ⊗ ej | 1 ≤ i, j ≤ n} is a complete set of orthogonal primitive
idempotents in Ae. So {(ei ⊗ ej)A
e ∼= Aei ⊗ ejA | 1 ≤ i, j ≤ n} is a complete
set of representatives of isomorphism classes of indecomposable projective A-
bimodules. Let Qd ֌ Qd−1 → · · · → Q1 → Q0(։ A) be a minimal projective
resolution of the A-bimodule A with Ql =
⊕
1≤i,j≤n
(Aei⊗ejA)
tlij for all 0 ≤ l ≤ d.
By [7, Lemma 1.5], we have tlij = dimExt
l
A(Si, Sj) for all 0 ≤ l ≤ d, 1 ≤ i, j ≤ n.
Moreover, it follows from Theorem 1 (1) that
d∑
l=0
(−1)l tlij = (dimSi)
T · C−TA · dimSj.
Since M ⊗A Q• is a projective resolution of the right A-module M , we have
TorAl (M,N)
∼= Hl(M ⊗A Q• ⊗A N) for all 0 ≤ l ≤ d. By Lemma 10 (2), we
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have
∑
l≥0
(−1)l tr(TorAl (φ, ψ))
L
=
d∑
l=0
(−1)l trM⊗AQl⊗AN (φ⊗ idQl ⊗ ψ)
=
d∑
l=0
(−1)l
∑
1≤i,j≤n
tlij · trM⊗A(Aei⊗ejA)⊗AN (φ ⊗ idAei⊗ejA ⊗ ψ)
=
d∑
l=0
(−1)l
∑
1≤i,j≤n
tlij · trMei⊗ejN (φi ⊗ ψj)
=
d∑
l=0
(−1)l
∑
1≤i,j≤n
tlij · trφi · trψj
=
∑
1≤i,j≤n
trφi · (dimSi)
T · C−TA · dimSj · trψj
= (trφ1, · · · , trφn) · C
−T
A · [trψ1, · · · , trψn]
= (trφ)T · C−TA · (trψ)
T = trψ · C−1A · trφ.
Next we show that the four statements (1), (2), (3) and (4) are equivalent:
(1)⇒(3): By (1), Lemma 7 (3), Lemma 2 (1), Lemma 1 (3) and Lemma 6,
we have
∑
l≥0
(−1)l tr(HH l(A, φ))
=
∑
l≥0
(−1)l tr(ExtlAe(A, φ))
(1)
= (tr idAAe )
T · C−TAe · trφ
L
= (dimAAe)
T · C−TAe · trφ
3L
=


dime1A
...
dimenA


T
· (C−1A ⊗ C
−T
A ) ·


tre1M (φ1)
...
trenM (φn)


=


dime1A
...
dimenA


T
·


(C−1A )11 · C
−T
A · · · (C
−1
A )1n · C
−T
A
...
. . .
...
(C−1A )n1 · C
−T
A · · · (C
−1
A )nn · C
−T
A

 ·


tre1M (φ1)
...
trenM (φn)


=
∑
1≤i,j≤n
(dimeiA)
T · (C−1A )ij · C
−T
A · trejM (φj)
(1)
=
∑
1≤i,j≤n
(C−1A )ij · tr(HomA(eiA, φj))
=
∑
1≤i,j≤n
(C−1A )ij · (trφ)ij
= tr(C−TA · trφ).
24
(3)⇒(4): Note that tr(HHl(A, φ)) = tr(Hl(A ⊗
L
Ae φ)) = tr(H
l((A ⊗LAe
φ)∗)) = tr(H l(RHomAe(A, φ
∗))) = tr(HH l(A, φ∗)) for all l. By (3) and Lemma 8,
we have
∑
l≥0
(−1)l tr(HHl(A, φ)) =
∑
l≥0
(−1)l tr(HH l(A, φ∗))
(3)
= tr(C−TA · trφ
∗)
L
= tr(C−TA · (trφ)
T ) = tr(trφ · C−1A ) = tr(C
−1
A · trφ).
(4)⇒(2): Note that tr(TorAl (φ, ψ)) = tr(Hl(φ ⊗
L
A ψ)) = tr(Hl(A ⊗
L
Ae (ψ ⊗
φ))) = tr(HHl(A,ψ ⊗ φ)) for all l. By (4) and Lemma 9, we have
∑
l≥0
(−1)l tr(TorAl (φ, ψ))
=
∑
l≥0
(−1)l tr(HHl(A,ψ ⊗ φ))
(4)
= tr(C−1A · tr(ψ ⊗ φ))
L
= tr(C−1A · trφ · trψ)
= tr(trψ · C−1A · trφ) = trψ · C
−1
A · trφ = 〈(trψ)
T , trφ〉Aop .
(2)⇒(1): Note that tr(ExtlA(φ, ψ)) = tr(H
l(RHomA(φ, ψ))) = tr(H
l((φ ⊗LA
ψ∗)∗)) = tr(Hl(φ⊗
L
A ψ
∗)) = tr(TorAl (φ, ψ
∗)) for all l. By (2) and Lemma 8, we
have
∑
l≥0
(−1)l tr(ExtlA(φ, ψ)) =
∑
l≥0
(−1)l tr(TorAl (φ, ψ
∗))
(2)
= trψ∗ · C−1A · trφ
L
= (trψ)T · C−1A · trφ = (trφ)
T · C−TA · trψ.
Therefore, the four statements (1), (2), (3) and (4) are equivalent.
Lefschetz type formulas on bimodule level. The following theorem gives
the cohomological and homological Lefschetz type formulas on bimodule level
for finite dimensional elementary algebras of finite global dimension, which gen-
eralizes at first sight but is essentially equivalent to Theorem 6.
Theorem 7. Let A,B and C be three finite dimensional elementary algebras,
A of finite global dimension, and {e1, · · · , en}, {f1, · · · , fm} and {g1, · · · , gp}
complete sets of orthogonal primitive idempotents of A, B and C respectively.
Then the following two equivalent statements hold:
(1) For all endomorphism φ of finite dimensional B-A-bimodule M and en-
domorphism ψ of finite dimensional C-A-bimodule N ,
tr(RHomA(φ, ψ)) :=
∑
l≥0
(−1)l tr(ExtlA(φ, ψ)) = 〈trφ, trψ〉A
where 〈−,−〉A : k
n×m × kn×p → km×p, (x, y) 7→ xT · C−TA · y.
(2) For all endomorphism φ of finite dimensional B-A-bimodule M and en-
domorphism ψ of finite dimensional A-C-bimodule N ,
tr(φ⊗LA ψ) :=
∑
l≥0
(−1)l tr(TorAl (φ, ψ)) = 〈(trψ)
T , trφ〉Aop
where 〈−,−〉Aop : k
n×p × kn×m → kp×m, (x, y) 7→ xT · C−TA · y.
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Proof. By Theorem 6, it is enough to show that Theorem 7 (1) (resp. (2)) holds
if and only if so does Theorem 6 (1) (resp. (2)). We just prove that Theorem 7
(1) holds if and only if so does Theorem 6 (1). Similar for the other.
Sufficiency. It suffices to prove
∑
l≥0
(−1)l (tr(ExtlA(φ, ψ)))ij = ((trφ)
T · C−TA · trψ)ij
for all 1 ≤ i ≤ m and 1 ≤ j ≤ p. For this, let PM (
ε
։M) be any projective reso-
lution of the B-A-bimoduleM . Then the endomorphism φ of the B-A-bimodule
M can be lifted to a chain endomorphism φ˜ of PM such that the following dia-
gram is commutative in the category of complexes of B-A-bimodules:
PM
ε
// //
φ˜

M
φ

PM
ε
// // M.
Since fiB is a projective right B-module, fiB⊗BPM is a projective resolution of
the right A-module fiM , and the chain endomorphism fiB⊗B φ˜ of fiB⊗B PM
is a lift of the endomorphism φi of fiM such that the following diagram is
commutative in the category of complexes of right A-modules:
fiB ⊗B PM // //
fiB⊗Bφ˜

fiM
φi

fiB ⊗B PM // // fiM.
Since gjC ⊗C − ⊗B Bfi : C-Mod-B → Modk is an exact functor, we have a
series of isomorphisms
(gjExt
l
A(M,N)fi, (Ext
l
A(φ, ψ))ij)
∼= (gjC ⊗C H
l(HomA(PM , N))⊗B Bfi, gjC ⊗C H
l(HomA(φ˜, ψ))⊗B Bfi)
∼= (H l(gjC ⊗C HomA(PM , N)⊗B Bfi), H
l(gjC ⊗C HomA(φ˜, ψ)⊗B Bfi))
∼= (H l(HomA(fiB ⊗B PM , gjC ⊗C N)), H
l(HomA(fiB ⊗B φ˜, gjC ⊗C ψ)))
∼= (ExtlA(fiM, gjN),Ext
l
A(φi, ψj))
in the endomorphism category End(modk) of modk for all l ∈ N, 1 ≤ i ≤ m, 1 ≤
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j ≤ p. By Lemma 10 (1) and Theorem 6 (1), we have
∑
l≥0
(−1)l (tr(ExtlA(φ, ψ)))ij
=
∑
l≥0
(−1)l trgjExtlA(M,N)fi((Ext
l
A(φ, ψ))ij)
L
=
∑
l≥0
(−1)l trgjC⊗CHl(HomA(PM ,N))⊗BBfi(gjC ⊗C H
l(HomA(φ˜, ψ))⊗B Bfi)
L
=
∑
l≥0
(−1)l trHl(gjC⊗CHomA(PM ,N)⊗BBfi)(H
l(gjC ⊗C HomA(φ˜, ψ)⊗B Bfi))
L
=
∑
l≥0
(−1)l trHl(HomA(fiB⊗BPM ,gjC⊗CN))(H
l(HomA(fiB ⊗B φ˜, gjC ⊗C ψ)))
L
=
∑
l≥0
(−1)l tr(ExtlA(φi, ψj))
T
= (trφi)
T · C−TA · trψj
= ((trφ)T · C−TA · trψ)ij
for all 1 ≤ i ≤ m, 1 ≤ j ≤ p.
Necessity. Take B = k = C in Theorem 7 (1), we obtain Theorem 6 (1).
Lefschetz type formulas on complex level. The following theorem gives
cohomological, homological, Hochschild cohomological and Hochschild homo-
logical four versions of Lefschetz type formulas on complex level for finite di-
mensional elementary algebras of finite global dimension, which generalizes at
first glance but is essentially equivalent to Theorem 6.
Theorem 8. Let A be a finite dimensional elementary algebra of finite global
dimension, and {e1, · · · , en} a complete set of orthogonal primitive idempotents
of A. Then the following four equivalent statements hold:
(1) For all chain endomorphism φ of a bounded complex M of finite dimen-
sional right A-modules and chain endomorphism ψ of a bounded complex N of
finite dimensional right A-modules,
tr(RHomA(φ, ψ)) :=
∑
l∈Z
(−1)l tr(ExtlA(φ, ψ)) = 〈trφ, trψ〉A
where 〈−,−〉A : k
n × kn → k, (x, y) 7→ xT · C−TA · y.
(2) For all chain endomorphism φ of a bounded complex M of finite dimen-
sional right A-modules and chain endomorphism ψ of a bounded complex N of
finite dimensional left A-modules,
tr(φ⊗LA ψ) :=
∑
l∈Z
(−1)l tr(TorAl (φ, ψ)) = 〈(trψ)
T , trφ〉Aop
where 〈−,−〉Aop : k
n × kn → k, (x, y) 7→ xT · C−1A · y.
(3) For any chain endomorphism φ of a bounded complex M of finite dimen-
sional A-bimodules,
tr(RHomAe(A, φ)) :=
∑
l∈Z
(−1)l tr(HH l(A, φ)) = tr(C−TA · trφ).
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(4) For any chain endomorphism φ of a bounded complex M of finite dimen-
sional A-bimodules,
tr(A⊗LAe φ) :=
∑
l∈Z
(−1)l tr(HHl(A, φ)) = tr(C
−1
A · trφ).
Remark 11. By Remark 6 and Remark 9, we may freely replace “bounded
complex of finite dimensional left (resp. right) modules” in Theorem 8 with
“bounded complex of finite dimensional projective (injective) left (resp. right)
modules” or “cohomologically finite dimensional complex of left (resp. right)
modules”.
Proof. By Theorem 6, it is enough to show that Theorem 8 (1) (resp. (2), (3)
and (4)) holds if and only if so does Theorem 6 (1) (resp. (2), (3) and (4)).
We just prove that Theorem 8 (1) holds if and only if so does Theorem 6 (1).
Similar for the others.
Sufficiency. Since A is a finite dimensional elementary algebra of finite
global dimension, for any bounded complex M of finite dimensional right A-
modules, there exist a bounded complex PM of finite dimensional projective
right A-modules and a quasi-isomorphism ε : PM → M . Moreover, the chain
endomorphism φ of M can be lifted to a chain endomorphism φ˜ of PM such
that φε = εφ˜.
PM
ε
//
φ˜

M
φ

H l(PM )
Hl(ε)
//
Hl(φ˜)

H l(M)
Hl(φ)

PM
ε
// M H l(PM )
Hl(ε)
// H l(M)
Then (H l(PM ), H
l(φ˜)) ∼= (H l(M), H l(φ)) in the endomorphism category
End(modk) for all l ∈ Z. By Lemma 10 (1), we have tr(H l(φ)) = tr(H l(φ˜))
for all l ∈ Z. It follows from Lemma 10 (2) that trφ = trφ˜. Thus we may as-
sume that M itself is a bounded complex of finite dimensional projective right
A-modules. By Lemma 10 (2) again, we have
∑
l∈Z
(−1)l tr(ExtlA(φ, ψ)) = tr(HomA(φ, ψ)) =
∑
i,j∈Z
(−1)j−i tr(HomA(φ
i, ψj)).
On the other hand, we have
〈trφ, trψ〉A = 〈
∑
i∈Z
(−1)i trφi,
∑
j∈Z
(−1)j trψj〉A =
∑
i,j∈Z
(−1)i+j 〈trφi, trψj〉A.
Now it suffices to show tr(HomA(φ
i, ψj)) = 〈trφi, trψj〉A for all i, j ∈ Z. This
is obvious by Theorem 6 (1), since M i is a finite dimensional projective right
A-module.
Necessity. It is clear.
Lefschetz type formulas on bimodule complex level. The following result
gives the cohomological and homological Lefschetz type formulas on bimodule
complex level for finite dimensional elementary algebras of finite global dimen-
sion, which generalizes at first sight but is essentially equivalent to Theorem 8.
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Theorem 9. Let A,B and C be three finite dimensional elementary algebras,
A of finite global dimension, and {e1, · · · , en}, {f1, · · · , fm} and {g1, · · · , gp}
complete sets of orthogonal primitive idempotents of A, B and C respectively.
Then the following two equivalent statements hold:
(1) For all chain endomorphism φ of a bounded complex M of finite dimen-
sional B-A-bimodules and chain endomorphism ψ of a bounded complex N of
finite dimensional C-A-bimodules,
tr(RHomA(φ, ψ)) :=
∑
l∈Z
(−1)l tr(ExtlA(φ, ψ)) = 〈trφ, trψ〉A
where 〈−,−〉A : k
n×m × kn×p → km×p, (x, y) 7→ xT · C−TA · y.
(2) For all chain endomorphism φ of a bounded complex M of finite dimen-
sional B-A-bimodules and chain endomorphism ψ of a bounded complex N of
finite dimensional A-C-bimodules,
tr(φ⊗LA ψ) :=
∑
l∈Z
(−1)l tr(TorAl (φ, ψ)) = 〈(trψ)
T , trφ〉Aop
where 〈−,−〉Aop : k
n×p × kn×m → kp×m, (x, y) 7→ xT · C−TA · y.
Proof. Employ the same proof as Theorem 7 with merely the following mod-
ifications: Let PM be any homotopically projective resolution of the bounded
complexM of finite dimensional B-A-bimodules. Since fiB is a projective right
B-module, fiB ⊗B PM is a homotopically projective resolution of the bounded
complex fiB ⊗B M ∼= fiM of finite dimensional right A-modules.
3.3 Comparisons with Lefschetz type formulas for dg al-
gebras
The Lefschetz type formulas for dg algebras were given by Petit in [17, Proposi-
tion 5.5 and Theorem 5.6]. In this subsection, we will show that the homological
Lefschetz type formula on complex level in Theorem 8 (2) (resp. the Hochschild
homological Lefschetz type formula on complex level in Theorem 8 (4)) is just
Petit’s formula in [17, Theorem 5.6] (resp. [17, Proposition 5.5]) restricted to
finite dimensional elementary algebras of finite global dimension. Two main
ingredients in Petit’s formulas are Hattori-Stallings trace (or Hochschild class)
and Shklyarov pairing. The latter has been introduced already in last section.
Hattori-Stallings traces. Hattori-Stallings trace is also a generalization of
the trace of a linear operator. Let A be an algebra and P a finitely generated
projective right A-module. The Hattori-Stallings trace map of P is the k-linear
map trP : EndA(P ) ∼= P ⊗A HomA(P,A) ∼= A⊗Ae (HomA(P,A) ⊗ P )
idA⊗evP−−−−−−→
A ⊗Ae A ∼= HH0(A) where the A-bimodule morphism evP : HomA(P,A) ⊗
P → A, ξ ⊗ p 7→ ξ(p), is the evaluation map. For any φ ∈ EndA(P ), the
Hattori-Stallings trace of φ is trP (φ) ∈ HH0(A). We refer to [14] for Hattori-
Stallings trace theory which played crucial roles in the proofs of the strong
no loop conjecture for finite dimensional elementary algebras [9, 6]. For finite
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dimensional elementary algebras of finite global dimension, the relation between
Hattori-Stallings trace and trace vector will be established in Proposition 6.
More general, let A be a dg algebra. Denote by perA the perfect derived
category of A, i.e., the full triangulated subcategory of the derived category DA
of A consisting of all compact objects, or equivalently, the smallest thick trian-
gulated subcategory of DA containing A. Moreover, perA is triangle equivalent
to the homotopy categoryH(PerA) = H0(PerA) of the dg category PerA of per-
fect dg A-modules. The derived Hattori-Stallings trace morphism of a compact
dg A-module P is the morphism TrP : RHomA(P, P ) ∼= P ⊗
L
A RHomA(P,A)
∼=
A ⊗LAe (RHomA(P,A) ⊗ P )
A⊗LAeevP−−−−−−→ A ⊗LAe A in the derived category Dk of
k, where the evaluation morphism evP : RHomA(P,A) ⊗ P → A is the mor-
phism in DAe corresponding to the identity morphism idRHomA(P,A) under the
isomorphism
HomDAe(RHomA(P,A)⊗ P,A) ∼= HomDAop(RHomA(P,A),RHomA(P,A)),
i.e., the counit morphism of the adjoint pair (− ⊗ P,RHomA(P,−)). Taking
0-th cohomology, we obtain the Hattori-Stallings trace map or Hochschild class
map trP := H
0(TrP ) : EndperA(P ) → HH0(A). For any φ ∈ EndperA(P ), the
Hattori-Stallings trace or Hochschild class of φ is trP (φ) ∈ HH0(A).
Lefschetz type formulas for dg algebras. The Lefschetz type formulas for
dg algebras are the Petit’s formulas below.
Theorem 10. (Petit [17, Theorem 5.6]) Let A be a proper smooth dg algebra,
M ∈ perA, φ ∈ EndperA(M), N ∈ perA
op and ψ ∈ EndperAop(N). Then
trM⊗L
A
N (φ⊗
L
A ψ) = 〈trM (φ), trN (ψ)〉
where 〈−,−〉 is the Shklyarov pairing of A.
Proposition 5. (Petit [17, Proposition 5.5]) Let A be a proper smooth dg alge-
bra, M ∈ perAe and φ ∈ EndperAe(M). Then
trA⊗L
Ae
M (A⊗
L
Ae φ) = 〈trAAe (idAAe ), trAeM (φ)〉
where 〈−,−〉 is the Shklyarov pairing of Ae.
Hattori-Stallings traces for finite dimensional algebras. For any finite
dimensional elementary algebra A of finite global dimension, its perfect derived
category perA is triangle equivalent to the homotopy category Hb(projA) of the
category of bounded complexes of finite dimensional projective right A-modules,
or the homotopy category Hb(injA) of the category of bounded complexes of
finite dimensional injective right A-modules, or the bounded derived category
Db(modA) of the category modA of finite dimensional right A-modules, or the
full triangulated subcategory Df (A) of the derived category DA of A consisting
of cohomologically finite dimensional complexes of right A-modules.
The following result relates Hattori-Stallings trace with trace vector, and
provides a concrete formula to calculate Hattori-Stallings trace.
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Proposition 6. Let A be a finite dimensional elementary algebra of finite global
dimension, {e1, · · · , en} a complete set of orthogonal primitive idempotents in
A, and φ a chain endomorphism of a bounded complex M of finite dimensional
right A-modules. Then
trM (φ) = (e1, · · · , en) · C
−1
A · trM (φ)
in HH0(A) = A/[A,A] =
n⊕
i=1
kei.
Proof. It follows from Proposition 3 that the matrix of the Shklyarov pairing
〈−,−〉 of A under the k-basis e1, · · · , en of HH0(A) and the k-basis e
∨
1 , · · · , e
∨
n
of HH0(A
op) is CTA . Alternatively, by Proposition 1, we know that e1, · · · , en
and e∨1 , · · · , e
∨
n are k-bases of HH0(A) and HH0(A
op) respectively. Note that
treiA(ideiA) = ei and trAej (idAej ) = e
∨
j for all 1 ≤ i, j ≤ n. TakingM,φ,N and
ψ in Theorem 10 to be eiA, ideiA, Aej and idAej respectively, we obtain
〈ei, e
∨
j 〉 = 〈treiA(ideiA), trAej (idAej )〉 = treiAej (ideiAej ) = dimeiAej = (CA)ji
in k for all 1 ≤ i, j ≤ n. Thus the matrix of 〈−,−〉 under the bases is CTA .
Taking N and ψ in Theorem 10 to be Aei and idAei respectively, we obtain
trMei(φi) = trM⊗L
A
Aei
(φ ⊗LA Aei) = 〈trM (φ), e
∨
i 〉 = (X
T · CTA)i = (CA ·X)i for
all 1 ≤ i ≤ n where X is the coordinate of trM (φ) under the k-basis e1, · · · , en
of HH0(A). So trM (φ) = CA · X , i.e., X = C
−1
A · trM (φ). Thus trM (φ) =
(e1, · · · , en) · C
−1
A · trM (φ).
Comparisons of the Lefschetz type formulas. Now we compare the Lef-
schetz type formulas in Theorem 8 (2) and (4) with Petit’s formulas in Theo-
rem 10 and Proposition 5.
The homological Lefschetz type formula on complex level in Theorem 8 (2) is
just Petit’s formula in Theorem 10 restricted to finite dimensional elementary
algebras of finite global dimension: Let A be a finite dimensional elementary
algebra of finite global dimension, and {e1, · · · , en} a complete set of orthogonal
primitive idempotents in A. Without loss of generality (See Remark 11), let φ be
a chain endomorphism of a bounded complexM of finite dimensional projective
right A-modules, and ψ a chain endomorphism of a bounded complex N of
finite dimensional projective left A-modules. Petit’s formula in Theorem 10
is trM⊗L
A
N(φ ⊗
L
A ψ) = 〈trM (φ), trN (ψ)〉. By Proposition 3, Proposition 6 and
Lemma 1 (2), its right hand side
〈trM (φ), trN (ψ)〉
2P
= (C−1A · trM (φ))
T · CTA · (C
−1
Aop · trNAop (ψ))
L
= (C−1A · trM (φ))
T · CTA · (C
−T
A · (trN (ψ))
T )
= (trM (φ))
T · C−TA · (trN (ψ))
T
= trN (ψ) · C
−1
A · trM (φ)
L
= 〈(trN (ψ))
T , trM (φ)〉Aop .
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The Hochschild homological Lefschetz type formula on complex level in The-
orem 8 (4) is just Petit’s formula in Proposition 5 restricted to finite dimen-
sional elementary algebras of finite global dimension: Let A be a finite dimen-
sional elementary algebra of finite global dimension, and {e1, · · · , en} a com-
plete set of orthogonal primitive idempotents in A. Without loss of general-
ity (See Remark 11), let φ be a chain endomorphism of a bounded complex
M of finite dimensional projective A-bimodules. Petit’s formula in Proposi-
tion 5 is trA⊗L
Ae
M (A⊗
L
Ae φ) = 〈trAAe (idAAe ), trAeM (φ)〉. Note that the canoni-
cal complete set of orthogonal primitive idempotents of Ae is e1 ⊗ e1, · · · , e1 ⊗
en, · · · , en ⊗ e1, · · · , en ⊗ en. So we have
tr
AeM
(φ)
= (tr(e1⊗e1)M (φ11), · · · , tr(e1⊗en)M (φ1n), · · · , tr(en⊗e1)M (φn1), · · · , tr(en⊗en)M (φnn))
= (tre1Me1 (φ11), · · · , trenMe1 (φ1n), · · · , tre1Men(φn1), · · · , trenMen(φnn))
= (trMe1 (φ1), · · · , trMen(φn)).
By Proposition 3, Proposition 6, Lemma 1 (3), Lemma 7 (3), and Theorem 10,
the right hand side of Petit’s formula in Proposition 5
〈trAAe (idAAe ), trAeM (φ)〉
2P
= (C−1Ae · trAAe (idAAe ))
T · CTAe · (C
−T
Ae · (trAeM (φ))
T )
= (trAAe (idAAe ))
T · C−TAe · (trAeM (φ))
T
= tr
AeM
(φ) · C−1Aop⊗A · trAAe (idAAe )
2L
= tr
AeM
(φ) · (C−TA ⊗ C
−1
A ) · dimAAe
= (trMe1 (φ1), · · · , trMen(φn)) ·


(C−TA )11 · C
−1
A · · · (C
−T
A )1n · C
−1
A
...
. . .
...
(C−TA )n1 · C
−1
A · · · (C
−T
A )nn · C
−1
A

 ·


dime1A
...
dimenA


=
∑
1≤i,j≤n
trMei(φi) · (C
−T
A )ij · C
−1
A · dimejA
T
=
∑
1≤i,j≤n
(C−TA )ij · trejA⊗LAMei(ejA⊗
L
A φi)
=
∑
1≤i,j≤n
(C−TA )ij · trejMei(φij)
= tr(C−1A · trφ).
Last, using the same strategy as above, it is not difficult to show that, when
both formulas are restricted to three finite dimensional elementary algebras of
finite global dimension, the homological Lefschetz type formula on bimodule com-
plex level in Theorem 9 (2) and Petit’s formula in [17, Theorem 5.8] coincide.
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